We derive a Bell-type inequality for observables with arbitrary spectra. For the case of continuous variable systems we propose a possible experimental violation of this inequality, by using squeezed light and homodyne detection together with methods of quantum-state reconstruction. It is shown that the violation is also possible for realistic detection efficiencies.
The literature on Bell inequalities is quite extensive, both the theoretical and experimental one, so here we restrict ourselves mainly to some important results which are relevant in the context of our approach. The CHSH inequality was generalized to the so-called Mermin multiqubit inequalities [5] . The Mermin inequalities where further extended to a complete set of inequalities for an arbitrary number of qubits [6] . Mermin inequalities are distinguished for their quantum violation, which is maximal in this complete set of inequalities and it exponentially depends on the number of qubits. Among the recent trends, Bell inequalities for graph states [7] and applications of Bell states to secure quantum key distribution [8] have been studied.
It is well known that Bell inequalities are fulfilled by local-hidden variable theories and their violation is a clear quantum effect. Recently an incompatibility theorem has been introduced [9] , which considers nonlocalhidden variable theories. It has been experimentally demonstrated that Quantum Mechanics violates nonlocal realistic theories [10] , for further generalizations of the incompatibility theorem, cf. [11] .
As already mentioned, most of the studies dealt with observables with discrete spectra, usually dichotomic ones. For applications of the CHSH inequality for dichotomic variables to continuous-variable quantum states see, for example, [12, 13] . Only recently some results for observables with arbitrary spectra have been obtained. The first multipartite Bell-type inequality for observables with arbitrary spectra has been given in [14] . In the bipartite case it reads as
where arbitrary Hermitian operatorsÂ 1 ,Â 2 andB 1 ,B 2 act on different sites. For two-qubit systems and dichotomic observables, the right-hand side of this inequality reduces simply to 4, so that it reads as
It has been proved by Uffink [15] , that any state (irrespective if it is separable or not) of a two-qubit system satisfies this inequality. Hence the Bell-type inequality (1) can never be violated in this case. Moreover, for continuous-variable systems this inequality cannot be violated in the case of quadrature measurements [16] . Violations of the multipartite version of this inequality for quadratures have been obtained in the original work [14] , for the number of parties being at least ten. This shows that violations of the inequality (1) and its multipartite versions are not easy to observe. In the present contribution we introduce another inequality which can be easily violated both by the simplest two-quibit Bell state and by continuous-variable states. As an example, we simulate an experiment with a twomode squeezed vacuum. The violation can be demonstrated for realistic values of the squeezing parameter and of the detection efficiencies.
Our main result is the following statement: any bipartite separable quantum state satisfies the inequality
At a first look it resembles the inequality (1). The difference is that the squaring, averaging and the inequality sign are exchanged. The proof is based on the simple fact that any numbers a, b, c and d with ad = bc satisfy the equality 
Then for a factorizable state,ˆ =ˆ
A ⊗ˆ B , we have ad = bc and the identity (4) gives us the relation
From the non-negativity of the variance of Hermitian operators we get
which, by inserting Eq. (5), proves the correctness of the inequality (3) for factorizable states.
To extend this inequality to arbitrary separable states, we use the Cauchy-Schwarz inequality
k , where {p k } is a probability distribution and x k are arbitrary real numbers. This inequality expresses the non-negativity of the variance of a random variable. Let us consider a separable stateˆ = k p kˆ A k ⊗ˆ B k ≡ k p kˆ k and estimate the right hand sideboth of the inequality (3). We have
The first step is due to the Cauchy-Schwarz inequality and the second one is due to the fact that the inequality (3) is valid for factorizable states, as it has already been proved. The last step simply expresses the linearity of the mean value, which completes the proof.
, then ad = bc and the identity (4) simply expresses the multiplicativity of the norm of complex numbers
We can write this equality for any number of factors and get corresponding multipartite Bell-type inequalities. We can go further and get Bell-type inequalities with more observables. Norms of the algebras of quaternions and octonions are multiplicative, and this property can be used to obtain the square identities generalizing the one given by Eq. (4), which can be used to derive multipartite Bell-type inequalities with four and eight observables per site. Details of this approach have been given in [17] . In this contribution we will concentrate on multipartite inequalities with two observables per site. After simple algebraic manipulations the inequality (3) can be rewritten in the form
where σ 2 A = Â 2 − Â 2 is the square of the variance of the operatorÂ. The approach of [14] to derive the inequality (1) is to ignore local commutators, which would give a trivial result in our case. We see that separability puts a more strict condition on the sum of the variances then the one expressed by the inequality (10) . The product of two commutators on the right hand side is a product of two local observables since it can be repre-
. We will show that the inequality (9) can be easily violated. For the strength of violation, V , we use the ratio of the right hand side (containing commutators) and the left hand side (the sum of squares of dispersions). When this ratio exceeds one, V ≥ 1, then the inequality (9) is violated.
In such a case the maximal violation for a given state is the maximum of this ratio for all possible choices of the operatorsÂ k andB k . The inequality (10) shows that the maximal violation cannot exceed 2. Below we will see that this limit can be easily achieved.
It is interesting to note that an arbitrary state of a two qubit system satisfies the following inequality:
(10) It differs from the inequality (9) only by a constant factor of 1/2 on the right-hand side. The inequality (10) can be obtained from (2) using methods of [15] . To illustrate violations of the inequality (9), consider a two-qubit system. Let us take the operatorsÂ k =σ
where the normalized vectors r k and s k represent the direction along which the spin projections are measured. Then the inequality (9) becomes = r x s x + r y s y − r z s z = (r, s), where we setr = (r x , r y , −r z );r is the reflection of r with respect to the xy-plane. Note that r 1 × r 2 = −r 1 ×r 2 . For the vectors r 1 ,r 2 , s 1 and s 2 lying in the same plane with the straight angles betweenr 1 ,r 1 and s 1 , s 2 the inequality (10) is satisfied with the equality sign. This implies that the Bell-type inequality (9) is violated by a factor of 2.
For continuous variable states let us introduce the analogues of the Pauli operators viâ Let us now discuss experimental applications of our Bell-type inequality. Matrix elements nm = n|ˆ |m of a density operatorˆ can be obtained from the quadrature distribution p ϕ (x) = ϕ x|ˆ |x ϕ , where |x ϕ is the eigenstate of the quadrature operatorx ϕ |x ϕ = x|x ϕ , according to the reconstruction formula
The reconstruction kernels f nm (x) are given by f nm (x) = (ψ n (x)ϕ m (x)) for n m and f nm (x) = f mn (x) for n > m, where ψ n (x) = x|n is the well known wave function of the nth Fock state in the coordinate representation, the normalizable solution of the Schrödinger equation for the harmonic oscillator. Expressions for the non-normalizable solution ϕ m (x) are also known. In [18] it is given as an action of a differential operator on the function ϕ 0 (x) and in [19] it is given explicitly in terms of the degenerate hypergeometric function. Here we could derive the explicit expression
Here x is the floor of x, i.e. the largest integer that is not greater than x.
Up to now we have discussed only single mode case, but in the case of several modes the reconstruction kernel is the product of the single mode kernels of the corresponding modes. In the bipartite case under study, we have the two mode quadrature distribution defined via p ϕθ (x, y) = ϕ x| θ y|ˆ |x ϕ |y θ . The average value Ŝ A µ,NŜ B ν,N , where µ, ν = X, Y, Z, 0, is given by
where we denoted 
where u 0 = 1 and u Z = −1. In an experiment one obtains data in the form of the table {x ij,k , y ij,k }, i, j = 1, . . . , N ph , k = 1, . . . N pos , where one measures N qu quadrature values for each of N 2 ph chosen phase pairs (ϕ i , θ j ). The inner integrals in Eq. (17), denoted as p µν (ϕ, θ), can be obtained by the sampling
with i, j = 1, . . . , N ph . Having these numbers we can calculate the outer integrals in Eq. (17) using the fast Fourier transform. Recently, a quantum noise redunction of a factor of 10 has been achieved [20] . Using this, we can estimate the degree of squeezing that can be obtained in a realistic experiment. For the squeezed vacuum for the dispersion ofx =x A +x B we have (∆x) 2 = e −2z . To find the maximal squeezing parameter z we have to solve the equation e −2z = 0.1, which gives z 1.15. For example, for N = 5 we get a violation of 1.9, which is very close to the maximal possible value.
Finally, we discuss the maximal violation of the inequality (9) with imperfect photodetector with the efficiency η. The moments of the creation and annihilation operators µ n,n+p (η) = â nâ †n+p meas measured by such a photodetector are µ n,n+p (η) = η n+p/2 µ n,n+p , where the moments on the right hand side is the "true" moments, measured by the perfect photodetector with the ideal efficiency η = 1 [21] . The density matrix elements can be obtained from the moments according to the following expression [22] :
The extension to the multimode case is straightforward. Thus, we can calculate the average values Ŝ A r,0Ŝ B s,0 with the matrix elements obtained from the measurements with non-ideal efficiency η.
We have simulated an experiment by generating N qu = 10 3 points (x ij,k , y ij,k ), k = 1, . . . , 10 3 with the distribution p ϕiθj (x, y) for i, j = 1, . . . , N ph = 61, where ϕ i = (π/60)(i − 1), θ j = (π/60)(j − 1). These points were used to calculate the quantitiesp µν (ϕ i , θ j ), µ, ν = X, Y, Z, 0, according to Eq. (20) . Then we have used the simplest numerical integration scheme to get the quantum mean values Ŝ A µ,NŜ B ν,N according to Eq. (17) . As an example we took z = 0.8 and η = 0.9, 1.0. Fig. 2 shows the distribution of the maximal violation V for 2000 runs of the simulation. One can calculate the maximal violation by using the analytical expressions for Ŝ A µ,NŜ B ν,N obtained with Eq. (21) . Comparing with the values averaged over 2000 runs of the experiment simulations, we found that in all four cases the difference is 1%.
In conclusion, we have derived a Bell-type inequality for arbitrary observables, which can be violated for discrete as well as for continuous-variable quantum states. We have simulated a realistic experimental violation of the inequality. For this purpose a two-mode squeezedvacuum state has been considered. The methods of reconstructing the needed correlation functions are provided.
